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An involutory function, also called involution, is a function that is its own inverse, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$f(x)$$\end{document}$ is defined. In mathematics, because of their symmetric behavior, involutions have been used for solving functional equations and proving theorems, e.g., Zagier's one-sentence proof for Fermat's theorem on sums of two squares  \[[@CR12]\]. Even in computer science, involutions appear in cryptographic systems such as one-time pad and RC4.

This paper presents a computational model for involution as a variant of Turing machines with *function semantics*, where input and output words are specified by tapes of initial and final configurations, respectively. The idea to have such a model for involution is to impose a restriction on a standard Turing machine so that the reversed run of every valid run is valid. The restriction can be simply described by associating one transition rule with another according to a certain involution over states. We call it an *involutory Turing machine*. It is easy to find that an involutory Turing machine always computes an involution under the restriction.

The present paper takes a further step. The involutory Turing machine is shown to be a 'complete' computational model for involution: any involutory computable function can be defined by an involutory Turing machine. That is, for a given non-involutory Turing machine that computes an involution, there exists an equivalent involutory Turing machine.

This work is inspired by Axelsen and Glück's work  \[[@CR1], [@CR2]\] where the expressiveness of *reversible Turing machines* is discussed. A reversible Turing machine is defined as a backward-deterministic Turing machine and hence computes only an injective function. They have shown that any injective computable function can be defined by a reversible Turing machine as we will show for involutory Turing machines. As an involutory function is a special kind of injective function, an involutory Turing machine can be regarded as a special reversible Turing machine.

Furthermore, this paper addresses the universality of involutory Turing machines as done by Axelsen and Glück  \[[@CR2]\] for reversible Turing machines. A standard Turing machine is said to be universal if it can simulate any Turing machine on arbitrary input, and it is known that there is a universal Turing machine. As for involutory Turing machines, there is no universal machine under the same definition of universality because the simulating function is not involutory. Therefore, we adopt an alternative definition of universality which has been introduced by Axelsen and Glück for reversible Turing machines. In their definition, the universal machine is allowed to preserve a given machine description as part of the output. We will show the existence of a universal involutory Turing machine under this redefinition.

In summary, the main contributions of this paper are as follows.

An involutory Turing machine is proposed as a multi-tape Turing machine with restrictive transition rules and tape permutation. An involutory Turing machine always computes an involution.An involutory Turing machine is shown to be complete, i.e., every computable involution is defined by an involutory Turing machine.It is shown that for every *k*-tape involutory Turing machine, there exists a $\documentclass[12pt]{minimal}
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                \begin{document}$$2$$\end{document}$-tape involutory Turing machine that computes an isomorphic function.It is shown that there exists a universal involutory Turing machine in terms of an appropriate definition of universality.

In addition to the above, our design choice, limitations, and applications of involutory Turing machines will be discussed in Sect. [6](#Sec6){ref-type="sec"}. In particular, an application to bidirectional transformation will shed a light on a practical aspect of our computational model for involution.

The restriction imposed on Turing machines to be involutory coincides with *time symmetry* introduced by Gajardo et al.  \[[@CR5]\] for cellular automata to describe a corresponding physical notion. One might call our model a *time-symmetric Turing machine* in this sense. More detail is discussed as one of the related work in Sect. [7](#Sec7){ref-type="sec"}.

Preliminaries {#Sec2}
=============

The set of non-negative integers is denoted by . For , the set $\documentclass[12pt]{minimal}
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                \begin{document}$$\{1,\dots ,n\}$$\end{document}$ is denoted by , in particular, . The set of all words over an alphabet (that is a finite set of symbols) $\documentclass[12pt]{minimal}
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                \begin{document}$$\varSigma ^*$$\end{document}$. For convenience, we assume that a nested tuple of words can be regarded as a flattened one, e.g., $\documentclass[12pt]{minimal}
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                \begin{document}$$(w_1,(w_2,w_3))$$\end{document}$ may be identified with $\documentclass[12pt]{minimal}
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                \begin{document}$$w_1,w_2,w_3\in \varSigma ^*$$\end{document}$.
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                \begin{document}$$\{(a,a)\mid a\in A\}$$\end{document}$. The composition of two relations $\documentclass[12pt]{minimal}
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                \begin{document}$$R\subseteq A\times A$$\end{document}$ is said to be *symmetric* if $\documentclass[12pt]{minimal}
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                \begin{document}$$R\subseteq A\times B$$\end{document}$ is said to be *functional* if $\documentclass[12pt]{minimal}
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                \begin{document}$$b_1,b_2\in B$$\end{document}$. A functional relation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$R:A\rightarrow B$$\end{document}$, is simply called a (partial) *function* and $\documentclass[12pt]{minimal}
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                \begin{document}$$a \mathrel {R} b$$\end{document}$ if exists. A function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R:A\rightarrow B$$\end{document}$ is said to be *total* if $\documentclass[12pt]{minimal}
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                \begin{document}$$R$$\end{document}$ is symmetric. An involutory function is also called *involution*.

A *permutation* on is a bijective function over for a fixed integer . A permutation can be expressed as the product of disjoint cycles, e.g., $\documentclass[12pt]{minimal}
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The Turing Machine and Its Known Variants {#Sec3}
=========================================

The Turing machine is one of the best-known computational models which can implement any computable function. A Turing machine manipulates symbols on a doubly-infinite tape of cells according to an internal state and a fixed transition relation. We use a triplet format  \[[@CR2]\] to represent the transition relation without loss of generality. Although it is well known that they are equivalent to single-tape Turing machines in power  \[[@CR10]\], we consider multi-tape Turing machines to make it easy to investigate various properties of involutory Turing machines. Moreover, our model of multi-tape Turing machines has a single instruction for permuting the order of tapes. This feature does not change the expressive power of Turing machines. As its byproduct, we can limit any other instruction only to the first tape. To apply an instruction to the other tape, we permute tapes so as for the tape to be the first before the instruction (and permute them back if needed).

Definition 3.1 {#FPar1}
--------------
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As presented in  \[[@CR2]\], symbol rules and move rules are independently given for the convenience of further discussion. Although these two kinds of actions are caused by a single rule in standard Turing machines  \[[@CR10]\], the separation of rules does not change the expressiveness of functions. It is easy to simulate a transition rule in a standard Turing machine by two transition rules and extra states in the present model. Moreover, the present model introduces permutation rules $\documentclass[12pt]{minimal}
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Definition 3.2 {#FPar2}
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Definition 3.3 {#FPar3}
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Definition 3.4 {#FPar4}
--------------

**(Function semantics of Turing machines).** Let $\documentclass[12pt]{minimal}
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In the rest of the paper, for every Turing machine $\documentclass[12pt]{minimal}
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Here are two examples of Turing machines. It is easy to see that they naturally conform to the tidiness assumption. Moreover, both examples are reversible as seen later.

Example 3.5 {#FPar5}
-----------
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Example 3.6 {#FPar6}
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-----------

A $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2$$\end{document}$-tape Turing machine $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ Dup (1)=(Q,\varSigma ,q_{\mathsf {ini}}{},q_{\mathsf {fin}}{},\varDelta )$$\end{document}$ withcomputes a duplicate function, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\llbracket Dup (1)\rrbracket (w)=(w,w)$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w\in \varSigma ^*$$\end{document}$. Similarly, we can define a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2k$$\end{document}$-tape Turing machine such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\llbracket Dup (k)\rrbracket (w_1,\dots ,w_k)=(w_1,\dots ,w_k,w_1,\dots ,w_k)$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_1,\dots ,w_k\in \varSigma ^*$$\end{document}$.

Definition 3.8 {#FPar8}
--------------
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The forward (backward) deterministic Turing machine has no pair of move rules which have the same source (target) state. With regard to a configuration step $\documentclass[12pt]{minimal}
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Definition 3.9 {#FPar9}
--------------
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Proposition 3.10 {#FPar10}
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------------
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A reversible Turing machine is a complete model in the sense that every injective computable function can be defined by a reversible Turing machine, which has been proved by Axelsen and Glück. Even though our computational model slightly differs from their one in that it has tape permutation rules, their proof of the statement works in our setting because our *k*-tape Turing machine can simulate theirs with *k* tapes and vice versa.

Theorem 3.12 {#FPar13}
------------

**(Expressiveness of reversible Turing machines ** \[[@CR2]\]**).** The reversible Turing machines can compute exactly all injective computable functions. That is, given a *k*-tape Turing machine $\documentclass[12pt]{minimal}
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Definition 3.13 {#FPar14}
---------------

**(Concatenation of Turing machines).** Let $\documentclass[12pt]{minimal}
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                \begin{document}$$Q_2$$\end{document}$ are not disjoint, every state in either should be renamed before the concatenation. The reversibility of Turing machines is closed under concatenation as stated below. The proof is straightforward.

Proposition 3.14 {#FPar15}
----------------

**(Concatenation of reversible Turing machines).** If $\documentclass[12pt]{minimal}
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The semantics of concatenation of two reversible Turing machines is equivalent to the function composition of their semantics as shown in the following theorem. Note that Turing machines to be concatenated are assumed tidy. The Turing machine obtained by the concatenation is also tidy.

Theorem 3.15 {#FPar16}
------------

**(Semantics of concatenation of reversible Turing machines).** For two *k*-tape reversible Turing machines $\documentclass[12pt]{minimal}
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Proof {#FPar17}
-----
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Proposition 3.16 {#FPar18}
----------------

**(Extended Turing machines).** Let $\documentclass[12pt]{minimal}
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Involutory Turing Machine {#Sec4}
=========================

Involutory Turing machines are introduced and investigated in this section. As reversible Turing machines exactly characterize all injective computable functions, involutory Turing machines exactly characterize all involutory computable functions. As every involutory function is injective, an involutory Turing machine is defined as a special kind of reversible Turing machine. The tape reduction on the involutory Turing machines is also addressed in this section.

Definition 4.1 {#FPar19}
--------------

**(Involutory Turing machine).** Let $\documentclass[12pt]{minimal}
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Theorem 4.2 {#FPar20}
-----------

**(Semantics of involutory Turing machine).** If $\documentclass[12pt]{minimal}
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                \begin{document}$$\llbracket T\rrbracket $$\end{document}$ is involutory.

Proof {#FPar21}
-----
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                \begin{document}$$\widetilde{\varphi }(T)=T$$\end{document}$, we have by Proposition [3.10](#FPar10){ref-type="sec"}.
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Example 4.3 {#FPar22}
-----------

The Turing machine $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{ bnot }$$\end{document}$ in Example [3.6](#FPar6){ref-type="sec"} is *not* involutory, although its semantics is involutory. We will see later that there exists an involutory Turing machine equivalent to a given Turing machine whenever its semantics is involutory.

The class of involutory Turing machines have one of the typical and trivial properties of involution, that is closed under conjugation, i.e., for any injective function $\documentclass[12pt]{minimal}
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                \begin{document}$$f$$\end{document}$. In terms of Turing machines, the property is described by the following statement.

Lemma 4.4 {#FPar23}
---------

**(Closed under conjugation).** Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T$$\end{document}$ be a *k*-tape involutory Turing machine. For any *k*-tape reversible Turing machine $\documentclass[12pt]{minimal}
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                \begin{document}$$T_r$$\end{document}$, the *k*-tape reversible Turing machine $\documentclass[12pt]{minimal}
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                \begin{document}$$T_r^{-1}\circ T\circ T_r$$\end{document}$ is involutory.

Proof {#FPar24}
-----
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Lemma 4.5 {#FPar25}
---------

**(***k***-tape reversible to**2*k***-tape involutory Turing machine).** Given a *k*-tape reversible Turing machine $\documentclass[12pt]{minimal}
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Proof {#FPar26}
-----
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Now we show one of the main theorems which states any involutory computable function can be implemented by an involutory Turing machine. For any non-involutory Turing machine, an equivalent involutory Turing machine can be constructed whenever its semantics is involutory. Recall that in our function semantics of Turing machines a function some of whose arguments and results are always empty words is regarded as that with fewer arguments and results as mentioned in the previous section. In the following statement, for a given *k*-tape non-involutory Turing machine, a $\documentclass[12pt]{minimal}
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                \begin{document}$$2k$$\end{document}$-tape involutory Turing machine is constructed whose semantics function has *k* arguments and *k* outputs that are always empty.

Theorem 4.6 {#FPar27}
-----------

**(Expressiveness of involutory Turing machines).** The involutory Turing machines can compute any involutory computable function. More specifically, given a *k*-tape Turing machine $\documentclass[12pt]{minimal}
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Proof {#FPar28}
-----
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How expressive are multi-tape involutory Turing machines compared to those equipped with fewer tapes? It is well known that a multi-tape Turing machine can be simulated by a single-tape Turing machine with an injective encoding from a tuple of words to a single word. The simulation is called a *tape reduction*, which is also possible for reversible Turing machines  \[[@CR1], [@CR2]\]. Concerning involutory Turing machines, any multi-tape involutory Turing machine can be simulated by a 2-tape involutory Turing machine whose semantics is a function over words that encode a tuple of words (where one of the tapes is always the empty word in the initial and final configuration).

Theorem 4.7 {#FPar29}
-----------
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Proof {#FPar30}
-----
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A tape reduction to a single-tape involutory Turing machine will be discussed in Sect. [6](#Sec6){ref-type="sec"}.

Universality of Involutory Turing Machine {#Sec5}
=========================================

A standard Turing machine is said to be universal if it simulates an arbitrary Turing machine. More exactly, a universal Turing machine takes a pair of words: one is a Gödel number (as a word) representing a Turing machine $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T$$\end{document}$ and another is an input word of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T$$\end{document}$. It returns the output word $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\llbracket T\rrbracket (x)$$\end{document}$. The Gödel numbering is an injective computable function that generates a word representation for a Turing machine. The notion of universality is called classical universality here to distinguish with another universality introduced later. For simplicity, only $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1$$\end{document}$-tape Turing machines are considered which are to be simulated by a universal Turing machine. The results can be easily generalized to multi-tape Turing machines.

Definition 5.1 {#FPar31}
--------------

**(Classical universality).** A Turing machine $\documentclass[12pt]{minimal}
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No involutory Turing machine is classically universal since the function $\documentclass[12pt]{minimal}
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                \begin{document}$$\llbracket U\rrbracket $$\end{document}$ in the definition above is obviously not involutory. Because the function is not even injective, no universal reversible Turing machine exists. Axelsen and Glück relaxed the definition of universality in a natural way; they showed that there exists a universal reversible Turing machine under the definition. We follow their definition for the universality of involutory Turing machines.

Definition 5.2 {#FPar32}
--------------

**(Universality).** An involutory Turing machine $\documentclass[12pt]{minimal}
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The existence of an ITM-universal involutory Turing machine is easily obtained by the completeness of involutory Turing machines shown in Theorem [4.6](#FPar27){ref-type="sec"}.

Theorem 5.3 {#FPar33}
-----------

There exists an ITM-universal involutory Turing machine.

Proof {#FPar34}
-----
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Theorem [5.3](#FPar33){ref-type="sec"} only shows the existence of an ITM-universal involutory Turing machine. The proof of the theorem relies on Theorem [3.12](#FPar13){ref-type="sec"} (via Theorem [4.6](#FPar27){ref-type="sec"}) which requires an impractical generate-and-test inversion method \[[@CR2], Lemma 3\]. This kind of problem has already been recognized in proving the existence of universal reversible Turing machines by Axelsen and Glück  \[[@CR2]\]. They gave a solution to that by constructing a universal reversible Turing machine from a classically universal Turing machine. We employ their idea for the direct construction of an ITM-universal involutory Turing machine. Since their construction gives a non-involutory Turing machine, we shall show a different construction using Landauer embedding and Bennett's trick for a classically universal Turing machine.

Proposition 5.4 {#FPar35}
---------------

**(Landauer embedding ** \[[@CR2], [@CR8]\]**).** Let $\documentclass[12pt]{minimal}
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As mentioned in  \[[@CR2]\], Bennett's trick gives an input-preserving reversible Turing machine for an arbitrary Turing machine.

Proposition 5.5 {#FPar36}
---------------

**(Bennett's trick ** \[[@CR3]\]**).** Let $\documentclass[12pt]{minimal}
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For the proposition above, a similar proof to that of \[[@CR2], Lemma 6\] does work by with permutation .

Theorem 5.6 {#FPar37}
-----------

**(Universal Turing machine to ITM-universal involutory Turing machine).** Let $\documentclass[12pt]{minimal}
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Proof {#FPar38}
-----

By Proposition [5.4](#FPar35){ref-type="sec"} and Proposition [5.5](#FPar36){ref-type="sec"}, we obtain for any Turing machine and its input $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T$$\end{document}$ be a involutory Turing machine, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\llbracket T\rrbracket (\llbracket T\rrbracket (x))=x$$\end{document}$ by Theorem [4.2](#FPar20){ref-type="sec"}. Thus we havewhich indicates the ITM-universality of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U'$$\end{document}$.    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Discussion {#Sec6}
==========

This section describes the design choice of permutation rules and the limitation of tape reduction for our involutory Turing machines. The applications of our computational model will also be discussed.

*Design Choice.* One may feel it unusual for the definition of a multi-tape Turing machine to have tape permutation rules. A *k*-tape Turing machine is typically defined by specifying a set of transition rules asThe typical definition forces one to rewrite or move at all tapes simultaneously[1](#Fn1){ref-type="fn"} . An involutory Turing machine could be defined on this model with the same restriction $\documentclass[12pt]{minimal}
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                \begin{document}$$ Perm ((1~2))$$\end{document}$ that swaps an input pair. The simplest way to do this is first to swap each from left to right and then return the head back to the left end. Note that it does not conform to the restriction above to be involutory. The reversed run is no longer valid for any renaming states. There might exist a tricky way to implement the swap function without permutation rules. The author speculates that it is impossible, though.

*Limitation of Tape Reduction.* Theorem [4.7](#FPar29){ref-type="sec"} states that any *k*-tape involutory Turing machine can be simulated by a $\documentclass[12pt]{minimal}
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*Application to Bidirectional Transformation.* This work is originally motivated by characterizing programming languages for bidirectional transformation, which enables us to synchronize multiple data and maintain their consistency. A typical bidirectional transformation is specified by a pair of forward ($\documentclass[12pt]{minimal}
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An involutory Turing machine gives a partial solution to this problem because of its expressiveness. Consistency implies that a function $\documentclass[12pt]{minimal}
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                \begin{document}$$f(f(s,v)) = (s,v)$$\end{document}$ holds. Thereby any correct bidirectional program can be computed by a 2-tape involutory Turing machine under some encoding. Conversely, a 2-tape involutory Turing machine does not always specify a correct bidirectional program. The author believes that there exists a computational model given by an appropriately-restricted involutory Turing machine, which exactly covers all consistent bidirectional transformations. The present work will be a good starting point to characterize bidirectional programming languages.
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                \begin{document}$$ pinv $$\end{document}$. They employ the result as a lemma to construct a universal reversible Turing machine from a classically universal Turing machine. Although we do not need such a lemma for the construction of a universal involutory Turing machine, the same statement also holds for the involutory Turing machine.

Theorem 6.1 {#FPar39}
-----------

**(Program inverter as an involutory Turing machine).** There exists a $\documentclass[12pt]{minimal}
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Proof {#FPar40}
-----
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Related Work {#Sec7}
============

This work is strongly inspired by Axelsen and Glück's  \[[@CR2]\]. They showed that (1) any injective computable function can be implemented by a reversible Turing machine, (2) the number of tapes of a reversible Turing machine can be reduced with preserving its semantics, (3) there exists a universal reversible Turing machine, and (4) a universal reversible Turing machine can be constructed from a universal Turing machine. In the present paper, we have addressed these properties for involutory Turing machines instead of reversible Turing machines. Regarding (1), (3), and (4), similar results have been obtained. Interestingly, their proofs are rather different from those of the corresponding theorems for reversible Turing machines. Regarding (2), we failed to find an equivalent single-tape involutory Turing machine for an arbitrary multi-tape involutory Turing machine. This might be an inherent limitation of involutory Turing machines as we have discussed in Sect. [6](#Sec6){ref-type="sec"}.

An involutory Turing machine may remind some readers of a symmetric Turing machine introduced by Lewis and Papadimitriou  \[[@CR9]\], where its computation step is symmetric. A symmetric Turing machine can be considered as a variant of an involutory Turing machine whose state involution is the identity function by ignoring the requirement of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi (q_{\mathsf {ini}}{})=q_{\mathsf {fin}}{}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi (q_{\mathsf {fin}}{})=q_{\mathsf {ini}}{}$$\end{document}$[2](#Fn2){ref-type="fn"}. However, symmetric Turing machines give a computational model completely different from involutory Turing machines. A symmetric Turing machine defines an undirected graph specified by its configurations and computation steps; its run is a path from the initial one to the final one. This model has been introduced to specify the computational complexity of the undirected st-connectivity (USTCON) problem and is known to be at least as powerful as a deterministic Turing machine.

Gajardo, Kari, and Moreira  \[[@CR5]\] introduced *time symmetry* for cellular automata to import a notion in physical theories where forward and backward time directions cannot be distinguished. The time symmetry is specified by an involution which connects the corresponding states and transitions as involutory Turing machines do. Kutrib and Worsch  \[[@CR7]\] later ported the notion of time symmetry into finite automata and pushdown automata. Involutory Turing machines may be called *time-symmetric Turing machines* along this line. Nevertheless, our computational model should be called an involutory Turing machine in the present paper owing to our purpose to characterize all computable involutions unlike the previous time-symmetric machines: Gajardo et al.'s time-symmetric cellular automata compute a composition of two involutions but not a single involution. Although it would be worthwhile to investigate the time symmetry and other related properties of involutory Turing machines, they are left for future work.

Conclusion {#Sec8}
==========

A computational model for involution has been presented. The model is a variant of a multi-tape Turing machine, called an involutory Turing machine, which imposes a restriction on state transition rules so that the reversed run of every valid run should be valid. The model has been shown to be expressive enough in the sense that not only does an involutory Turing machine always compute an involution but also any involution can be computed by an involutory Turing machine. It has also been shown that there exists a universal involutory Turing machine that can simulate an arbitrary involutory Turing machine.

This work naturally introduces a notion of $\documentclass[12pt]{minimal}
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                \begin{document}$$r$$\end{document}$-Turing completeness  \[[@CR1], [@CR2]\] has been employed for characterizing reversible programming languages  \[[@CR6], [@CR11]\]. As discussed in Sect. [6](#Sec6){ref-type="sec"}, $\documentclass[12pt]{minimal}
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                \begin{document}$$i$$\end{document}$-Turing completeness or its variant will be used to characterize bidirectional programming languages in the future.
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                \begin{document}$$\times $$\end{document}$ so that a read/write and a move action may happen at the same time. However, this makes it hard to give the inverse of a pair of actions, which is often required in the present work.

Although the definition of a symmetric Turing machine in  \[[@CR9]\] differs from ours in another point that it allows transition rules to view the next cell of the head, this cannot change its expressiveness as mentioned in the paper.
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